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TAREFAS MATEMÁTICAS   

Joana Brocardo 

Escola Superior de Educação  

Instituto Politécnico de Setúbal 

 

 

As tarefas matemáticas que se propõem aos alunos são determinantes para o tipo de 

aprendizagem matemática que se lhes proporciona. Contudo, estamos conscientes de que 

é possível ter entendimentos diferentes do que é uma tarefa e, em particular do que é uma 

tarefa matemática. Neste Encontro de Investigação adotamos uma definição abrangente 

que diz respeito a um amplo conjunto de ñcoisas de matem§tica para fazerò que podem, 

por exemplo, ser exercícios, problemas de diferentes tipos, dar exemplos de definições, 

decidir sobre duas possibilidades, levar a cabo uma investigação ou realizar uma 

demostração. Adotando a perspetiva de Watson, Ohtani, Ainley, Frant, Doorman, Kieran, 

Leung, Margolinas, Sullivan, Thompson e Yang (2013, p. 10) ñuma tarefa ® qualquer 

coisa que o professor usa para órevelarô (demonstrate) matem§ticaò ou que os alunos 

decidem fazer por si sós. As tarefas são os instrumentos mediadores entre o ensino da 

matemática e a aprendizagem e constituem, por isso, um tema de grande relevo em 

educação matemática. 

Ponte (2005) propõe uma organização das tarefas que tem em conta o grau de abertura, o 

desafio cognitivo, a relação com a realidade e a duração da sua realização e salienta que 

cada uma, de acordo com as suas características próprias, ocasiona diferentes 

oportunidades de aprendizagem para os alunos. O NCTM (2007) salienta a importância 

de os alunos contactarem com tarefas matemáticas significativas para introduzir conceitos 

e para os envolver e desafiar intelectualmente. Quer o contexto das tarefas se relacione 

com experiências da realidade dos alunos, quer com contextos puramente matemáticos, 

ñas tarefas dever«o provocar interroga­»es, possuindo um n²vel de desafio que convide ¨ 

especula­«o e ao trabalho §rduoò (NCTM, 2007, p. 20).  

As tarefas significativas não são, por si sós, promotoras de aprendizagem. É de central 

importância a seleção que o professor faz das tarefas, o modo como as explora, como 

organiza e orienta o trabalho na aula, como apoia o trabalho dos alunos, promove a 

discussão, sistematiza o trabalho realizado e o relaciona com ideias e conceitos 

matem§ticos relevantes. £ fundamental o ñconhecimento matem§tico das tarefas para 

ensinarò (Chapman, 2013, p. 1) entendido como dizendo respeito ao conhecimento que o 

professor precisa de ter para (a) selecionar tarefas matemáticas significativas; (b) 

conduzir a exploração de tarefas matemáticas na aula de modo a desenvolver o 

conhecimento matemático do aluno, mantendo um clima de curiosidade, interesse e 

debate de ideias matemáticas; e c) tirar o maior partido possível das potencialidades de 
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cada tarefa. Deste modo, a exploração das tarefas poderá promover uma compreensão 

profunda da Matemática, ajudando os alunos a descobrir e a compreender processos e 

regras matemáticas, estabelecer conexões, desenvolver um quadro coerente de conceitos 

e relações e compreender o que é fazer matemática. 

Grupos de discussão  

1. Design de tarefas  

ɀ A seleção, adequação ou criação de tarefas: objetivos a atingir, critérios seguidos, 

desafios e constrangimentos. 

ɀ A sequência das tarefas a propor aos alunos: objetivos, princípios, conhecimento 

dos alunos. 

2. As tarefas e a aprendizagem dos alunos 

ɀ A relação entre o tipo de tarefas e as aprendizagens que potenciam. 

ɀ A exploração das tarefas: metodologias de trabalho, o papel do professor, o papel 

dos alunos.  

ɀ Os recursos de apoio à exploração e resolução de tarefas. 

3. Conhecimento matemático das tarefas para ensinar  

ɀ A compreensão sobre a natureza das tarefas que envolvem conteúdos matemáticos 

significativos. 

ɀ A capacidade de identificar e selecionar e/ou criar tarefas favoráveis a uma 

aprendizagem matemática com compreensão e em profundidade. 

ɀ O reconhecimento de diferentes níveis cognitivos das tarefas e sua relação com os 

objetivos. 

ɀ O conhecimento dos interesses e experiências dos alunos, bem como da forma 

como aprendem matemática. 
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DESIGNING TASKS AND L ESSONS THAT DEVELOP 

CONCEPTUAL UNDERSTANDING , STRATEGIC 

COMPETENCE AND CRITI CAL AWARENESS. 

Malcolm Swan 

Centre for Research in Mathematics Education, University of Nottingham 

The purposes we have in Mathematics teaching are broad; including procedural fluency, 

conceptual understanding, strategic competence in both pure and applied problem 

solving, and a critical awareness of the quality of mathematical reasoning. Each purpose 

requires a range of appropriately designed mathematical tasks. In this paper, I describe 

and illustrate a framework for task design that we have found both helpful and effective 

for creating powerful learning opportunities that are rich, accessible and adaptable to the 

needs of individual learners. Particular formative aspects of lesson design will be 

highlighted; the important roles of pre-assessment, formative feedback questions and 

sample work for students to critique are described. 

Introduction  

The literature frequently criticizes the mathematical curriculum for having an extremely 

narrow view of mathematics and a limited range of task types (Kilpatrick, et al. 2001; 

Watson & Sullivan 2008). This is not necessarily the fault of the curricula documents 

themselves, which often have laudable aims, but rather the ways that these are interpreted 

and trivialized by assessors and textbook authors (Swan 2014).  

In this paper, I consider the design of tasks for the broad goals that are frequently cited 

and valued by educators and curriculum designers: procedural fluency, conceptual 

understanding, strategic competence (in pure and applied problem solving), and a critical 

awareness of the quality of mathematical reasoning. Perhaps the predominant reason that 

these goals are insufficiently reflected in classroom practice is the lack of emphasis that 

research has placed on task design and the lack of an educational design profession 

(Burkhardt & Schoenfeld 2003). Indeed, it often seems to be unreasonably assumed that 

teachers have time to fulfill this role in the normal course of their work.  

The paper begins with the presentation of a theoretical framework for task design that 

links goals, products, task genres and classroom activities. It then goes on to consider 

principles for the construction of adaptable lessons from such tasks. Here, a ótaskô is 

defined as anything the teacher asks her students to do, and óactivityô is taken to refer to 

a studentôs response (Christiansen & Walter, 1986; Mason & Johnston-Wilder, 2006). A 

task is more than a problem as printed on the worksheet or textbook, it includes the way 

this is mediated and mutated by the teacher in the classroom; its introduction, and the 

subsequent provision of prompts, hints and further questions. Tasks also change as 

students interpret them in various ways. In this paper, I interpret tasks as situated in 
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lessons and unfolding and developing over time. A ólessonô is used here to mean a 

sequence of tasks and activities that are focused on a particular learning goal; it is not 

assumed that lessons must fit into one class period. 

A framework for ta sk design  

In building this framework, I distinguish between the educational goal of the lesson, the 

products that students might produce to give evidence of achieving this goal, the genres 

of mathematical task that will guide our task design, and the classroom activities that we 

intend to result from these tasks.  

Goal 1: Developing factual knowledge and procedural fluency 

ñCivilization advances by extending the number of operations which we can perform 

without thinking about them.ò (Whitehead 1911, p. 61) 

By facts we mean items of information that are unconnected or arbitrary, including 

notational conventions. By procedural fluency we mean the ability to carry out 

mathematical procedures quickly, efficiently and reliably without effortful thought. The 

value of fluency should not be underestimated: ówell mastered routines free conscious 

attention to focus on aspects of a task which are novel or problematicô (Cockcroft 1982 

para.239). The related products, tasks and classroom activities to achieve this goal we 

term performances, rehearsals and practice exercises. While it is undoubtedly important 

to strive for technical fluency in mathematics, the current emphasis on the repetitive 

practice of fragmented skills is ubiquitous. It is as if music teaching focused solely on 

scales and arpeggios. The goal of fluency, however, need not result in a boring diet of 

drill and practice. In a recent paper, Foster (2013) borrows the musical metaphor of the 

étude to show how fluency may be developed through the tackling of engaging, 

mathematically satisfying problems.  

One example will illustrate this. Suppose a teacher wants students to develop fluency at 

finding areas and perimeters of a number of simple polygons. He might draw two 

orthogonal axes labelled perimeter (x) and area (y), and ask students to plot points to 

represent some simple polygons on the plane. This may then be followed up with more 

interesting questions, such as: ñCan you draw some polygons represented by the 

coordinates (12, 4); (4, 12)?ò; ñWhich points in the plane represent squares, triangles 

é?ò; ñWhich points in the plane cannot represent any polygonò? At the same time as 

calculating areas and perimeters, students contribute their own examples, make 

conjectures and generalisations and arrive at surprising results. We summarise the task 

type and sample classroom activities for this goal in Figure 1.  

Task types Sample classroom activities. 

Rehearsal of procedures and 

notations.  

¶ Rehearsing through exercises and études that give repeated practice 

at using well-defined procedures. 

¶ Systematically using and memorising terms and notations. 
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Figure 1 - Task design framework forfactual knowledge and procedural fluency 

Goal 2: Developing conceptual understanding 

A concept is a ñcapsule of thought that embraces thousands of distinct experiences and 

that is ready to take in thousands moreò (Sapir 1970, p. 35). Concepts are organic; they 

are an individualôs attempt to make sense of the world and as such they constantly evolve. 

Sierpinska (1994) suggests that people feel they have understood something when they 

achieve a sense of order and harmony, where there is a sense of a óunifying thoughtô, of 

simplification, of seeing some underlying structure and that in some sense, feeling that 

the essence of an idea has been captured. Pimm (1995, p.179) refers to the double 

meaning of the French word for understanding, comprendre, which also conveys a sense 

of óinclusionô or óincorporationô. Thus when we understand something, it becomes part 

of us, we own it. Sierpinska (ibid, p.32) lists four mental operations involved in 

understanding: ñidentification: we can bring the concept to the foreground of attention, 

name and describe it; discrimination: we can see similarities and differences between this 

concept and others; generalisation: we can see general properties of the concept in 

particular cases of it; synthesis: we can perceive a unifying principle.ò To this, we would 

add the notions of representation. When we understand something, we are able to 

represent it in a variety of ways: verbally, visually, and/or symbolically. The products 

that we might expect from students to demonstrate understanding will therefore include 

descriptions, classifications, representations, justifications, structural analyses. Below we 

summarise the task genres and typical classroom activities that are consequential (Figure 

2).  

Task genres Sample classroom activities. 

Observe, classify and 

define mathematical 

objects and structures. 

¶ Observing and manipulating mental objects. 

¶ Identifying and describing attributes and sorting objects 

accordingly.  

¶ Creating and identifying examples and non-examples.  

¶ Creating and testing definitions. 

Represent and translate 

between mathematical 

concepts and their 

representations. 

¶ Interpreting a range of representations including diagrams, graphs, 

and formulae. 

¶ Translating between representations and studying the co-variation 

between representations.   

Justify and/or prove 

mathematical conjectures, 

procedures and 

connections. 

¶ Making and testing mathematical conjectures and procedures. 

¶ Identifying examples that support or refute a conjecture. 

¶ Creating arguments that explain why conjectures and procedures 

may or may not be valid. 

Identify and analyze 

structure within 

situations 

¶ Studying and modifying mathematical situations. 

¶ Exploring relationships between variables. 

¶ Comparing and relating mathematical structures. 

Figure 2 - Task design framework for conceptual understanding 
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The development of conceptual understanding, which of course should underpin 

procedural knowledge, requires the careful negotiation of meaning in which objects are 

compared and classified, definitions are built, and representations are created, shared, 

interpreted and compared. These are social, collaborative activities. There is considerable 

research evidence to show, for example, the superiority of conflict discussion over 

individual guided discovery methods for concept development (Bell 1993; Swan 2006). 

The creation of a network of connections between concepts requires non-linear 

exploratory work - difficult to design and embody in some hierarchical curricula 

specifications.  

There is only space for a very few illustrative examples. For observe, classify and define, 

students may be invited to sort a collection of cards showing mathematical objects using 

their own criteria. The results of their sorting may be offered to other students, who then 

reconstruct the criteria that were used. The objects might be anything from geometric 

shapes to algebraic functions. As Zaslavsky (2008) has shown, this is a powerful way of 

enumerating properties of objects.  

Students may then be presented with a mathematical object and asked to list as many of 

its properties as possible. The task then becomes: ñdo any of these properties, taken 

individually, define the object?ò or ñdo any pairs of these properties define the object?ò 

(Figure 3). This results in a search for justifications and counterexamples. This can be 

quite demanding. For example, one might consider the pair of statements: ñWhen x = 0, 

y = 0ò;  ñWhen x doubles in value, y doubles in valueò. Do these statements define 

proportion? If not, find a function that has both properties, but is not proportional. Seeking 

definitions in this way lies at the very heart of mathematical activity (Lakatos 1976). 

Mathematical 

object 

A square 

 

A proportional relationship exists between two 

continuous variables x and y.  

Properties Four equal sides 

Two equal diagonals 

Four right angles 

Two pairs of parallel sides 

Four lines of symmetry 

é. 

The graph of y against x is linear. 

y ÷ x always gives the same result. 

When x = 0, y = 0 

When x doubles in value, y doubles in value 

When x increases by equal steps then so does y 

é. 

Figure 3 - Observe, Classify and define:  Listing properties and building definitions 

Students may be routinely offered alternative definitions and asked to evaluate them. For 

example, they may be asked to intuitively order a set of staircases according to their 

perceived ósteepnessô, and then be asked to evaluate alternative definitions of this concept 

(Figure 4). This leads naturally to discussions on the mathematical ideas of 

dimensionality and enlargement.  
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Staircases 

 

Put these staircases in order of steepness.  

 

Is ΟñHeight of step - length of stepòΟa suitable definition 

of steepness? Test this definition on the examples. 

 

Why is ñHeight of step õ length of stepò Οa better 

definition? 

Figure 4  - Observe, Classify and define:  Challenging definitions 

For represent and translate, I use activities that require students to translate between 

numerical, verbal, graphical, algebraic and other representations. Typically, groups of 

students are given collections of cards that they are asked to sort according to whether or 

not the cards convey equivalent representations. Common misinterpretations are 

foregrounded by including translations that are commonly confused. For example, 

students may be given a collection of 4 money cards (£120; £150; £200; £100) and a 

collection of ten óarrowô cards showing percentage increase and decrease (e.g. ñup by 

25%ò; ñdown by 25%). They are asked to place the money cards in a square formation 

and place the percentage cards between them in appropriate places (Figure 5 shows one 

side of the ósquareô). Typically, students will consider ñup by 25%ò and ñdown by 25%ò 

to be inverse statements and place them together between the money cards £120 and £150. 

Subsequently, the teacher introduces further arrow cards showing ñdecimal multipliersò 

(e.g. x 1.25; x 0.8). As students place these, they check both with a calculator and by 

relating them to the percentage cards already in position. This causes conflict and 

discussion as inconsistencies are found. Later, further cards are added, as shown. 

Connections are drawn between all these representations and generalisations are made. 

Further examples of represent and translate tasks may be found in Swan (2008a; 2008b). 

 

 

Figure 5 - Represent and translate:  Percentage increase and decrease. 
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For justify or prove category, we typically offer students a collection of conjectures, and 

it is the studentsô task to determine their domains of validity. These are usually known as 

óalways, sometimes or never true?ô tasks. Figure 6 illustrates a typical selection of such 

assertions.  

 

Pay rise 

Max gets a pay rise of 30%. 

Jim gets a pay rise of 25%. 

So Max gets the bigger pay rise. 

Fractions 

If you add the same number to the numerator and 

denominator of a fraction, the fraction will increase 

in value. 

Area and perimeter 

When you cut a piece off a shape you reduce its 

area and perimeter. 

 

Right angles 

A pentagon has fewer right angles than a rectangle. 

Diagonals 

The diagonals of a quadrilateral divide the 

quadrilateral into 4 equal areas. 

 

Right triangle 

If a right-angled triangle has integer sides, the 

incircle has integer radius. 

Figure 6 - Justify or prove:  A selection of conjectures to test. 

Normally, a set of cards will all be related to a particular mathematical topic, and will 

contain some commonly held beliefs. Students are instructed: ñIf you consider a 

statement to be always true or never true, then try to explain clearly how you be sure. If 

you think a statement is sometimes true, then try to describe all the cases when it is true 

and all the cases when it is false.ò  Thus students have first to identify the variables 

involved and then test the assertion by constructing examples and counterexamples. In 

some cases a formal proof might be sought. When students are stuck, the teacher will 

point them towards particular cases to test. For example, in Diagonals, students usually 

claim that the statement is true for squares, but not for rectangles (this needs 

challenging!). The teacher may need to push them to consider a wider range of 

quadrilaterals to try to find all cases where the statement is valid.   

Finally, we turn to identify and analyse structure. When students have tackled a 

conventional word problem, they are invited to analyse its structure and in so doing 

construct further problems. The problem is rewritten as a list of variables together with 

their original values (including the solution to the original problem, see Figure 7). The 

task is to first describe how each variable may be obtained from the others, then to explore 

the effect of changing the variables systematically. So we erase the profit. How is this 

constructed from the other variables? (60x4-50 or p=ns-k). Then we reinstate the profit 

and erase the selling price. How might this be found? (s=(p+k)/n). After working through 

each variable separately, we consider them in pairs. Suppose we erase both n and p?  How 

will the profit depend on the number of cards made? Students generate a table and graph. 

Finally students may erase all values and describe the general structure algebraically 

(p=ns-k). 
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Making and selling greetings cards. 

Jane wants to make exclusive hand made gift cards for charity. ΟThe cost of a kit for making the cards 

is ú50. With this kit she can make 60 cards. ΟShe thinks they might sell at ú4 each. ΟWhat will be her 

profit if all the cards are sold? Answer ú190. 

 

Rewritten problem 

 

Figure 7 - Identify and analyse structure:  Working with word problems 

Whenever students have tackled a problem, we may encourage this process of 

generalisation in order to focus more explicitly on structural relationships.  

Goal 3.  Strategic competence 

Strategic competence refers to the capability of students to solve multi-step, non-routine 

problems and to extend this to the formulation and tackling of problems from the real 

world. The products that students may produce may therefore be designated as problem 

solutions and mathematical models. We define a problem as a task that the individual 

wants to tackle, but for which he or she ñdoes not have access to a straightforward means 

of solutionò (Schoenfeld 1985). One consequence of this definition is that it is 

pedagogically inconsistent to design problem-solving tasks for the purpose of practising 

a procedure or to develop understanding of a particular concept. In order to develop 

strategic competence, students must be free to experiment with a range of approaches. 

They may or may not decide to use any particular procedure or concept; these cannot be 

pre-determined. We have come across many lessons where the teacher offers students a 

so-called óproblemô to solve, but at the same time requires students to implement a given 

approach. To us, this is not in fact a problem but an illustrative exercise. Of course, a 

sequence of tasks may be designed where a problem is used to motivate the subsequent 

development of particular methods, but at its introduction, students must not know which 

method to use. Problem solving is contained within the broader processes of mathematical 

modelling. Modelling additionally requires the formulation of problems by, for example, 

restricting the number of variables and making simplifying assumptions. Later in the 

process, solutions must be interpreted and validated in terms of the original context. Some 



EIEM 2014 

14 

task genres and sample classroom activities for strategic competence are shown in Figure 

8.  

Task genres Sample classroom activities. 

Solve a non-routine problem by 

creating an extended chain of 

reasoning.  

¶ Selecting appropriate mathematical concepts and procedures. 

¶ Planning an approach.  

¶ Carrying out the plan, monitoring progress and changing direction, 

where necessary. 

¶ Reflecting on solutions; examining for reasonableness within the 

context. 

¶ Reflecting on strategy; where might it have been improved? 

Formulate and interpret a 

mathematical model of a situation 

that may be adapted and used in a 

range of situations. 

¶ Making suitable assumptions to simplify a situation. 

¶ Representing a situation mathematically. 

¶ Identifying significant variables in situations. 

¶ Generating relationships between variables. 

¶ Identifying accessible questions that may be tackled within a 

situation. 

¶ Interpreting and validating a model in terms of the context.  

Figure 8 - Task design framework for strategic competence 

So, for me, the essence of a task in this category is that it should be amenable to a variety 

of alternative approaches, so that students may learn from comparing these approaches. 

An example of each type is given in Figure 9. The first is a pure mathematics ópuzzleô 

type problem set in an artificial context, that of a playground game. The second, a 

modelling task, is taken from a real-life context and involves the student in making 

simplifications and assumptions. Both however may be tackled in a variety of ways. The 

playground game may be tackled by practical drawing and measuring; by repeated use of 

Pythagorasô theorem; and also by ópure, non-quantitative, geometric reasoningô. Having 

Kittens may be modelled with a wide variety of representations, and therein is its 

educational value.  We return to this problem later in this paper.  

 

The Playground Game 

This is a plan view of a 12 metre by 16 metre 

playground. 

The children start at point S, which is 4 metres along 

the 16-metre wall. 

They have to run and touch each of the other three 

walls and then get back to S. 

The first person to return to S is the winner. 

What is the shortest route to take? 
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Having Kittens1 

Here is a poster published by an organization that looks after stray cats. 

 

  

 

 

 

  

Figure out whether this number of 

descendants is realistic.  

Here are some facts that you will 

need: 

Figure 9 - Tasks focused on strategic competence. 

Goal 4: Critical competence 

So far the classroom activities that have been described involve students constructing 

their own procedures, concepts and strategies. For goal 4, the students are expected to 

work on mathematical products constructed by others. The products of this goal may be 

described as critical commentaries. The classroom activities typically involve a 

comprehension phase in which students try to interpret someoneôs reasoning, an 

evaluation phase where they test this reasoning and compare it with other approaches, 

and finally a revision phase in which students attempt to suggest improvements to the 

reasoning (Figure 10). The tasks generated are usually combined with tasks that foster 

goals 2 and 3. Examples are given later in this paper, when I discuss lesson construction.  

 

Task genres Sample classroom activities. 

Analyse and critique a 

mathematical explanation  

of a procedure or concept. 

¶ Interpreting and extending a given explanation (may be presented 

verbally or graphically).  

¶ Comparing alternative mathematical explanations of a 

phenomenon. 

¶ Evaluating and improving the mathematical procedures and 

reasoning of others. 

Analyse and critique  

a problem solving strategy or a 

mathematical model of a 

phenomenon. 

¶ Interpreting, adopting and continuing a given strategy; 

¶ Comparing alternative strategies; identifying relative strengths, 

weaknesses and domains of application. 

¶ Improving a given strategy. 

Figure 10 - Task design framework for critical competence 

                                                 
1 The Having Kittens task was originally designed by Acumina Ltd. (http://www.acumina.co.uk/) for 

Bowland Maths (http://www.bowlandmaths.org.uk) and appears courtesy of the Bowland Charitable Trust 

Cats canôt add but they do multiply! 

In just 18 months, this female cat can have 2000 

descendants. 
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In presenting this framework, I recognise that there are many features I have not 

mentioned, such as the intended audiences for the various products. It has, however, 

proved powerful when developing lesson experiences for students. Before describing how 

this happens, I must briefly consider the role of theories and principles in task design.  

Principles for building lessons from tasks 

The principles, which guide the design of tasks and the conduct of lessons, have a 

substantial basis in theoretical and empirical research. Space does not allow us to list them 

all here. They are mostly derived from the social constructivists: concepts and strategies 

are co-created as language and symbols are appropriated and internalized (Bakhtin 1981; 

Vygotsky 1996). The following principles are perhaps the most important: 

¶ Use formative assessment; build on and adapt lessons to the knowledge that 

students already have (Black & Harrison 2002; Black, et al. 2003; Black & 

Wiliam 1998; Black, et al. 1999);  

¶ Develop mathematical language through communicative activities that encourage 

dialogic talk (Ahmed 1987; Alexander 2006, 2008; Mercer 1995); 

¶ Focus directly on either specific conceptual obstacles or processes (Bell, 1993; 

Wigley, 1994) and create surprise, tension and cognitive conflict that may be 

resolved through discussion (Brousseau 1997); 

¶ Create connections between topics both within and beyond mathematics and with 

the real world. Use multiple representations (Askew, Brown, Rhodes, Johnson, 

& Wiliam, 1997);  

¶ Foster peer assessment by using tasks that allow students to shift roles and explain 

and support one another (Bell, Swan, Crust, & Shannon, 1993b); 

¶ Use tasks and questions that promote explanation, application and synthesis 

rather than mere recall (Bills, et al. 2004; Watson & Mason 1998). 

Principles however are not enough. They must also be accompanied by an understanding 

of the context for which they are designed, creative flair and professional vision 

(Schoenfeld 2009). 

Building Lessons from tasks: Some examples.  

The design of a lesson involves the sequencing of mathematical tasks in in a way that will 

both captivate students and draw their attention towards particular concepts or strategies. 

Designing the flow of a lesson is rather analogous to the scriptwriterôs task when planning 

a movie. According to Trottier (1998) the typical film script is structured in three phases. 

There is an initial óset upô in which characters, their relationships and world are introduced 

and a dramatic premise, situation or question is posed. Then there is the confrontation 

with an obstacle. The characters must learn new skills and work collaboratively in order 

to deal with their predicament. They often fail; tension rises and reaches crisis point. 

Finally there is the resolution phase that includes a climax, a dénouement and maybe even 

a ótwistô. The common ground with lesson design is clear.  

My own design of lessons has been influenced by the processes established in Japanese 

lesson study (Fernandez & Yoshida 2004; Shimizu 1999). These lessons are often 
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structured with four key components: hatsumon (the teacher gives the class a problem to 

initiate discussion); kikan-shido (the students tackle the problem in groups or 

individually); neriage (a whole class discussion in which alternative strategies are 

compared and contrasted and in which consensus is sought) and finally the matome, or 

summary. Among these, the neriage stage is considered to be the most crucial. This term 

refers to kneading or polishing in pottery, where different colours of clay are blended 

together. This serves as a metaphor for the considering and blending of studentsô 

interpretations and approaches to solving a mathematics problem. In the matome stage of 

the lesson, the Japanese teachers will tend to make a careful final comment on the 

mathematical sophistication of the approaches used. When using this model, however, we 

have found that the demands on the teacher are great, particularly when trying to interpret, 

select and discuss studentsô extended reasoning.  

In 2009, the Bill & Melinda Gates Foundation approached the Centre here at Nottingham 

to develop a suite of one hundred lessons to form a key element in the Foundationôs 

program for ñCollege and Career Ready Mathematicsò based on the Common Core State 

Standards for Mathematics (NGA & CCSSO 2010). In response, the Mathematics 

Assessment Project (MAP) was designed to explore how far teaching materials can enable 

teachers to implement the principles we have described, coupled with high quality tasks, 

an integral part of the implemented curriculum in their classrooms, even where linked 

professional development support is limited or non-existent. The research-based design 

of these lessons, now called Classroom Challenges, is described elsewhere (Swan & 

Burkhardt 2014). In this paper, I briefly outline their structure and illustrate how the 

framework outlined above has been used in their design. Sample lessons may be 

downloaded from http://map.mathshell.org. 

In the MAP project, we have devised two types of lesson: Concept Development lessons 

(aimed at goals 2 and 4) and Problem Solving lessons (aimed at goals 3 and 4). We 

decided early on that these two types needed to be kept separate for the reasons discussed 

above. The structure of these lessons is similar, with a clear formative assessment focus. 

We now outline the overall structure of a typical concept development and problem 

solving Classroom Challenge and consider how the above principles are realized within 

them.  

The design of concept-focused lessons has been strongly guided by design principles that 

have proven effective in our earlier research (Swan 2006). Each lesson is preceded by a 

short diagnostic assessment, designed to uncover studentsô current understandings and 

interpretations. We provide teachers with some guidance as to what these might be. This 

is done to assist the teacher in preparing probing questions that might be used in the lesson 

itself. The lesson broadly follows the outline described below. The reader will find a full 

outline of a lesson related to the task in Figure 5 on the MAP website2; space does not 

permit us to reproduce all the details here.  

1. Make existing concepts and methods explicit in the classroom. An initial task is 

offered with the purpose of making students aware of their own intuitive 

                                                 
2 http://map.mathshell.org.uk/materials/lessons.php?taskid=208&subpage=concept 

http://map.mathshell.org/
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interpretations, to create curiosity and model the level of reasoning to be expected 

during the main activity. So, for example, the teacher displays the task shown in 

Figure 11 and asks students to select the story that best fits the graph. This usually 

results in a spread of student opinions, with many choosing option B. The teacher 

invites and probes explanations, and labels the diagram with these explanations, but 

does not correct students, nor try to reach resolution at this point.  
 

 

Figure 11 - Introductory activity: Interpreting distance-time graphs 

2. Collaborative activity: Matching graphs, stories and tables. Each group of students 

is now given a set of the cards shown in Figure 12. Ten distance/time graphs are to be 

matched with nine óstoriesô (the tenth to be constructed by the student). Subsequently, 

when the cards have been discussed and matched, the teacher distributes a further set 

of cards that contain distance/time tables of numerical data. These enable students to 

check their responses, and reconsider the decisions that have been made. Students 

make posters to display their reasoning.  

3. Inter-group discussion: Comparing interpretations. Studentsô posters are now 

displayed, and students visit each otherôs posters and check them, demanding 

explanations for matches that do not appear to be correct. This phase therefore 

emphasises peer-assessment.  

4. Plenary discussion. Students revisit the task that was introduced at the beginning of 

the lesson and resolution is now sought. Drawing on examples of student work 

produced during the lesson, the teacher draws attention to the significant concepts that 

have arisen (e.g. the connection between speed, slopes on graphs, and differences in 

tables).  Further questions are posed to check learning, using mini-whiteboards. 

ñShow me a distance time graph to show this storyò; ñShow me a story for this graphò; 

ñShow me a table that would fit this graphò ; and so on.  

5. Individual work: Improving solutions to the pre-assessment task. Students now 

revisit the work they did on the pre-assessment task. They describe how they would 

answer the task differently and write about what they have learned.  
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Figure 12 - Matching cards: Graphs and stories.  

The lesson structure described above contains many of the features of ódiagnostic 

teachingô (See e.g. Bell 1993; Swan 2006) that our earlier research showed to be more 

effective, over the longer term, than either expository or guided discovery approaches. 

This was replicated over many different topics: decimal place value, rates, geometric 

reflections, functions and graphs, and fractions (Bassford 1988; Birks 1987; Brekke 1987; 

Onslow 1986; Swan 1983). From these studies it was deduced that the value of diagnostic 

teaching appeared to lie in the extent to which it valued the intuitive methods and ideas 

that students brought to each lesson, offered experiences that created inter- and intra-

personal óconflictsô of ideas, and created opportunities for students to reflect on and 

examine inconsistencies in their interpretations. 

I now illustrate one of the Classroom Challenges, focused on problem-solving: ñHaving 

Kittensò (Figure 9). As already noted, teachers find it very difficult to interpret, monitor 

and select studentsô extended reasoning during a problem-solving lesson. We therefore 

precede each lesson with a preliminary assessment in which students tackle the problem 

individually. The teacher reviews a sample of the studentsô initial attempts and identifies 

the main issues that need addressing in the lesson. Through pre-trialling, we have 

developed a ñcommon issues tableò that forewarns teachers of the difficulties that 

students may have, and suggests questions that the teacher might pose to prompt deeper 

thinking (Figure 13). Teachers analyse studentsô initial responses, with the help of this 

table. If time permits, they write feedback questions on each studentôs work, or 

alternatively prepare questions for the whole class to consider. This form of feedback has 

been shown to more powerful than grades or scores, that detract from the mathematics 



EIEM 2014 

20 

and encourage competition rather than collaboration (Black, et al. 2003; Black & Wiliam 

1998). 

 

Issue Suggested questions and prompts 

Has difficulty starting  Å Can you describe what happens during first five months? 

Does not develop a suitable 

representation  

Å Can you make a diagram or table to show what is happening? 

Work is unsystematic Å Could you start by just looking at the litters from the first cat? What 

would you do after that? 

Develops a partial model  Å Do you think the first litter of kittens will have time to grow and 

have litters of their own? What about their kittens? 

Does not make clear or 

reasonable assumptions  

Å What assumptions have you made? Ο 

Are all your kittens are born at the beginning of the year? 

Are all your kittens females? 

Makes a successful attempt Å How could you check this answer using a different method? 

Figure 13 - An extract from the óCommon issues tableô for Having Kittens 

Now we come to the lesson itself. While the precise structure will be problem specific, 

problem solving lessons are generally organised as follows: 

1. Introduction. The teacher re-introduces the main task for the lesson and returns 

studentsô work along with the formative questions. Students are given a few minutes 

to read these questions and respond to them, individually.  

2. Group work:  comparing strategic approaches. The students are asked to work in 

small groups to discuss the work of each individual, then to produce a poster showing 

a joint solution that is better than both individual attempts. Groups are organised so 

that students with contrasting ideas are paired. This activity promotes peer assessment 

and collaboration. The teacherôs role is to observe groups and challenge students 

using the prepared questions and thus refine and improve their strategies.  

3. Inter-group discussion: comparing strategic approaches. Depending on the range of 

approaches in evidence, the teacher may at this point ask students to review the 

strategic approaches produced by other groups in the class, and justify their own. 

(Most will not have arrived at a solution at this stage). If there is not a sufficient 

divergence of methods, or more sophisticated representations are not becoming 

apparent, then the teacher may move directly to the next stage.   

4. Group work: critiquing ósample student workô. The teacher introduces up to four 

pieces of ñsample student workò, provided in the materials (Figure 14). This pre-

prepared work has been chosen to highlight alternative approaches. Each piece of 

work is annotated with questions that focus studentsô attention. (E.g. ñWhat has each 

student done correctly? What assumptions have they made? How can their work be 

improved?ò) This introduces students to strategies and representations that they may 

so far not have considered.  

5. Group work: refining solutions. Students are given an opportunity to respond to the 

review of approaches. They revisit the task and try to use insights to further refine 

their solution.  

6. Whole class discussion: a review of learning. The teacher holds a plenary discussion 

to focus on the processes involved in the problem, such as the implications of making 

different assumptions, the power of alternative representations and the general 
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mathematical structure of the problem. This may also involve further references to 

the approaches in the sample student work.  

The above lesson description contains many features that are not common in mathematics 

teaching, at least in the US and UK. There is a strong emphasis on the use of preliminary 

formative assessment, which enables the teacher to prepare for and adapt interventions to 

the student reasoning that will be encountered. Students spend much of the lesson in 

collaborative talk, focused on comparing mathematical processes. The successive 

opportunities for refining the solution enable students to pursue multiple methods, and to 

compare and evaluate them. Finally, ósample student workô is used to foster the 

development of critical competence (goal 4). This aspect has become the focus of our 

recent research, and we now draw out some of the issues this raises.  

 
 

 
 

Alice chose to represent the task using a timeline. She has only considered the number of 

kittens from the original cat. She has used some of the given information correctly, and has 

assumed that 6 cats are born at regular intervals. She has forgotten that these kittens can 

also have litters of their own. She has not described her reasoning and assumptions.  

 
 

Wayne has assumed that the mother has six kittens after 6 months, and has considered 

succeeding generations. He has, however, forgotten that each cat may have more than one 

litter. He has shown the timeline clearly. Wayne doesnôt explain where the 6-month gaps 

have come from. 

Figure 14 - Sample work for discussion, with commentary from the teacher guide. 
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Developing critical competence with sample student work.  

Many researchers have emphasised the importance of comparing student approaches to 

cognitively demanding tasks, but this has proved extremely difficult for teachers to put 

into practice. In the heat of the classroom they struggle to monitor extended student 

reasoning; discern the mathematical value of alternative approaches; select solution-

methods for whole class discussion; and orchestrate this discussion to build on the sense-

making of students. They find it difficult to make connections between approaches and 

recognize and value studentsô methods by comparing this with existing valued knowledge 

(Brousseau 1997; Chazan & Ball 1999; Lampert 2001; Stein, et al. 2008). In practice, the 

sharing of ideas often degenerates into mere óshow and tellô, with participation prioritized 

over learning (Stein, et al. 2008). 

In response to this challenge we are currently researching the potential uses of pre-

prepared ósample student workô to focus classroom discussion on key concepts and 

processes, while at the same time developing critical competence. We have found that 

sample student work has many potential uses. In problem solving, for example, it can be 

used to encourage a student that is stuck in one line of thinking to consider others, to 

enable comparison of alternative representations and to focus on the identification of 

modeling assumptions. In concept learning it may be used to draw attention to common 

mathematical misconceptions and alternative interpretations. The sample work needs 

careful tailoring to each of these purposes, so that studentsô attention is aligned to the 

lessonsô purpose. Usually we begin with genuine student work then adapt and rewrite 

this, making it clear, legible and focused on the issue we intend to be discussed.  

From evidence gathered from observing over 100 teachers in US classrooms, we have 

established the following guidelines for the design of sample work (Evans 2014).  

¶ Discourage superficial analysis by students, by stating explicitly the purpose of 

the sample work, and by asking specific questions that relate to this purpose; 

¶ Encourage holistic comparisons by making the sample work short, accessible and 

clear, and by excluding procedural and other errors that distract attention away 

from the identified purpose; 

¶ Leave the work unfinished, so that students have to engage with the reasoning in 

order to complete it; 

¶ Sequence the distribution of the sample student work so that successive pairwise 

comparisons of approaches may be made; 

¶ Offer students sufficient time and opportunity to incorporate what they have 

learned from the sample work into their own solutions; 

¶ Offer the teachers support for the whole class discussion so that they can identify 

and draw out criteria for the comparison of alternative approaches. 

Concluding remarks 

This paper is a personal reflection on how we are now coming to understand the 

challenges of task design after many years of engaging in design research. The theoretical 
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framework displayed here is not claiming to be comprehensive, but it has proved powerful 

in the hands of task and curriculum designers. When a desired goal is identified, the 

framework provides a way of identifying the type of classroom activity that may achieve 

that goal, and our accumulating body of exemplars provides us with models upon which 

to build. This is a slow, iterative process, where tasks are designed, built into lessons, then 

trialed, reviewed and revised. This approach, though standard in product development 

generally, is much more expensive than the ñauthorship modelò so often used in 

education: produce draft; gather comments; revise; publish. In our work, we usually 

observe each lesson between three and five times at each of the two cycles of 

development. This enables us to obtain rich, detailed feedback, while also allowing us to 

distinguish general implementation issues from more idiosyncratic variations by 

individual teachers. We have devised systematic observation tools for gathering this data 

(Swan & Burkhardt 2014) and in the development of the Classroom Challenges, we now 

have over seven hundred of these observations upon which to draw. Slowly, we are 

learning. The field of design research is still in its infancy, perhaps, but we are making 

progress.  
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Resumo 

O presente artigo decorre de um estudo sobre as práticas do professor focadas no 

desenvolvimento do sentido de número dos alunos, realizado num contexto de um projeto 

colaborativo que envolveu dois professores do 1.º ciclo e a autora deste texto. Pretende 

descrever e analisar as práticas dos professores na seleção/construção de tarefas a explorar 

na sala de aula, visando, em particular, identificar e compreender os aspetos que os 

professores valorizam e os desafios que se lhes colocam quando se envolvem neste tipo 

de trabalho. 

A investigação insere-se no paradigma interpretativo e segue uma abordagem qualitativa. 

Os dados foram recolhidos através da realização de entrevistas, da observação 

participante e da recolha documental. Com a participação no projeto colaborativo, o 

desenvolvimento do raciocínio matemático e, em particular, o cálculo mental passam a 

constituir as principais preocupações destes professores quando selecionam/constroem 

tarefas para os seus alunos. Na preparação das tarefas destaca-se o valor que passam a 

atribuir à definição dos seus objetivos e à antecipação de estratégias de resolução.  

Palavras-chave: Práticas do professor; Tarefas; Desenvolvimento curricular; Sentido de 

número 

In trodução 

As tarefas constituem, na sala de aula, o objeto da atividade dos alunos (Christiansen & 

Walther, 1986) e, em conjunto com as ações do professor, influenciam o modo como os 

alunos aprendem a pensar matematicamente (Stein & Smith, 1998) Podem, também, 

limitar ou ampliar a forma como os alunos veem os tópicos de ensino e transmitir-lhes 

mensagens acerca do que é a Matemática e sobre o que envolve fazer Matemática 

(NCTM, 1991/1994). 

Uma vez que as tarefas marcam inquestionavelmente as oportunidades de aprendizagem 

matemática dos alunos, é fundamental compreender as características da prática do 

professor quando seleciona/constrói e prepara tarefas e quais os desafios que se lhe 

colocam, em particular, em momentos de mudança curricular. É também importante que 

estes estudos sejam focados em temas específicos de ensino, por permitir compreender 

em profundidade o trabalho do professor em torno da sua abordagem (Ponte, 2012). 
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Este artigo decorre de um estudo cujo objetivo, mais amplo, é descrever e analisar as 

práticas de dois professores de seleção/construção, preparação e exploração de tarefas 

centradas no desenvolvimento do sentido de número dos alunos do 1.º ciclo, no contexto 

de um projeto colaborativo de desenvolvimento curricular (Delgado, 2013). Em 

particular, este artigo foca-se nas duas primeiras fases do trabalho do professor acima 

referidas (seleção/construção e preparação das tarefas), pretendendo analisar e 

compreender: (i) as características das tarefas que são valorizadas pelos professores e as 

preocupações que orientam a sua seleção/construção, (ii) os aspetos que valorizam na 

preparação das tarefas, (iii) os desafios com que se deparam na seleção/construção e 

preparação das tarefas e o que os desencadeia, e (v) os aspetos que valorizam e os desafios 

com que se deparam na seleção/construção das tarefas, quando esta é realizada tendo por 

base a conceção de sequências de tarefas. 

Práticas do professor 

As recomendações atuais da investigação sobre o professor salientam a importância de 

esta se centrar nas suas práticas profissionais (Ponte & Chapman, 2006; Ponte, 2012). 

Estas recomendações resultam essencialmente de dois argumentos. Por um lado, só 

analisando as práticas do professor se poderá compreender melhor as suas ações e os 

motivos que as desencadeiam (Schön, 1983). Por outro, porque ainda são pouco 

conhecidos os aspetos que as envolvem, sendo importante ñestudar os elementos 

principais que estruturam essas práticas, os elementos que as condicionam e os contextos 

e recursos que podem apoiar a sua mudança, tendo em conta o desenvolvimento 

curricularò (Ponte, 2012, p. 95).  

As decisões que o professor toma acerca do ensino, embora observáveis como ações 

individuais, são tomadas em determinados contextos e influenciadas por esses contextos 

(Ponte & Chapman, 2006). Para além dos contornos que estes podem assumir, as ações e 

intenções do professor são também influenciadas, por exemplo, pelas imagens que tem 

da profissão, pelas eventuais pressões profissionais a que está sujeito, pelas experiências 

profissionais que desenvolveu fora e dentro da escola e pela sua formação inicial (Ponte 

& Chapman, 2006).  

Conhecimento, perspetivas, motivações, intenções e contexto constituem, assim, aspetos 

que surgem associados ao modo como o professor desenvolve as suas atividades 

profissionais, emergindo da prática, mas que simultaneamente influenciam o modo como 

cada professor interpreta, analisa e desenvolve a sua prática. Se atendermos a todos eles, 

ñas pr§ticas do professor podem ser vistas como as atividades que eles realizam 

regularmente, tomando em consideração o seu contexto de trabalho e as suas 

interpreta­»es e inten­»esò (Ponte & Chapman, 2006, p. 481). £ neste sentido que se 

entende a express«o ópr§ticas do professorô. 

 Quando falamos em práticas do professor importa clarificar, também, a que práticas nos 

referimos. Efetivamente, podemos pensar nas práticas que os professores desenvolvem 

na sala de aula, na escola, nos cursos de formação e em outros cenários profissionais 

(seminários, encontros, etc.) (Ponte & Chapman, 2006). As atividades desenvolvidas pelo 
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professor na sala de aula e as que desencadeia fora deste contexto, para preparar o trabalho 

a realizar com os alunos e para avaliar aspetos relacionados com a aprendizagem e com 

o ensino, são habitualmente designadas por práticas letivas (Ponte, 2012). É na 

compreensão destas práticas que se circunscreve este texto.  

Para Ponte (2012) é na prática letiva que os aspetos importantes do conhecimento didático 

do professor sobressaem, quer pelas atividades que desenvolve na sala de aula, quer as 

que realiza para preparar essas atividades. Este autor propõe um modelo de análise do 

conhecimento didático do professor, que assume como núcleo central o conhecimento da 

prática letiva, considerando que é através deste que ñse fazem as op­»es fundamentais 

que orientam a pr§tica e se regula todo o processo de ensinoò (p. 88).  

A importância do professor na transformação do currículo é salientada por diversos 

autores (Brown, 2009; Canavarro & Ponte, 2005; Pacheco, 2001; Stein, Remillard & 

Smith, 2007). Neste processo o professor recorre a diversos materiais curriculares que, 

simultaneamente, apoiam e influenciam a sua prática de sala de aula (Brown, 2009). Um 

dos materiais curriculares que assume particular importância na sua prática é o manual 

escolar (Pacheco, 2001). As tarefas propostas aos alunos, quer sejam retiradas dos 

manuais escolares quer sejam adaptadas/concebidas pelo professor, resultam de decisões 

suas e dependem do modo como interpreta e usa os materiais curriculares (Brown, 2009).  

Analisando estudos que se centram no modo como o currículo é transformado pelo 

professor, Stein et al. (2007) identificam um conjunto de fatores que influenciam tanto o 

modo como o professor interpreta os documentos curriculares oficiais como o que 

acontece na sala de aula. Grande parte desses estudos ocorreram no contexto de reformas 

curriculares e concluem que o conhecimento, as crenças e a identidade profissional do 

professor têm impacto no modo como este compreende e põe em prática essas reformas. 

Alguns sugerem fatores relacionados com contextos organizacionais e políticos, 

nomeadamente no que diz respeito ao tipo de apoio que é dado aos professores. Em 

particular, a participação em comunidades profissionais é indicada como sendo 

fundamental na compreensão do currículo e no modo como o professor o coloca em 

prática.  

Práticas de seleção/construção e preparação das tarefas orientadas para o 

desenvolvimento do sentido de número 

Desde já é importante clarificar os significados associados às expressões 

seleção/construção de tarefas e preparação de tarefas assumidos neste artigo. A seleção 

corresponde à opção da escolha de uma determinada tarefa, tal como existe nos materiais 

curriculares e a construção inclui, quer a adaptação de uma tarefa desses materiais, quer 

a sua ócria­«oô integral por parte do professor. A prepara­«o de uma tarefa envolve todo 

o trabalho que é realizado pelo professor para que esta possa ser explorada na sala de aula. 

Estes dois momentos de trabalho do professor em torno das tarefas não são aqui encarados 

como dois momentos separados, considerando-se que a seleção/construção de uma tarefa 

envolve já ações e ideias fundamentais à sua preparação. 
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Seleção/construção e preparação de tarefas. Ao selecionar/construir tarefas é 

fundamental que o professor atenda aos alunos a que se destinam, considerando as suas 

idades, os níveis de aprendizagem em que se encontram, os conhecimentos que possuem 

e as suas experiências anteriores relativas à aprendizagem da Matemática (Ponte, 2005; 

Stein, Smith, Henningsen & Silver, 2009). Por exemplo, sem conhecer o grupo de alunos 

a que se destina será muito difícil, à partida, identificar o grau de desafio que uma tarefa 

irá constituir para os alunos (Ponte, 2005). Baseando-se no modelo de classificação de 

tarefas que se centra no seu nível de exigência cognitiva, também Stein et al. (2009) 

afirmam que fazer a sua seleção com este foco não é independente de um conhecimento 

profundo dos alunos a que se destinam.  

Ao selecionar/construir tarefas é importante que o professor consiga uma espécie de 

equilíbrio entre diferentes tipos de tarefas, por constituírem diferentes oportunidades para 

os alunos pensarem (Stein & Smith, 1998, Stein et al., 2009) e por contribuírem para 

atingir objetivos curriculares distintos (Brocardo, 2001). Contudo, alguns estudos 

revelam que, habitualmente, os professores tendem a efetuar a escolha das tarefas a partir 

de uma análise muito superficial das mesmas, centrada unicamente nos conteúdos que 

permitem abordar (Arbaugh & Brown, 2002; Stein, Baxter & Leinhardt, 1990).  

Quando o professor seleciona/constrói e prepara tarefas que visam o desenvolvimento do 

sentido de número, para além de ter em conta os aspetos acima referidos, é essencial que 

atenda às características dos contextos das tarefas, que incluem as situações que lhe estão 

associadas, os modelos e os números envolvidos (Fosnot & Dolk, 2001). Assumindo que 

o sentido de número é essencialmente uma forma de pensar acerca dos números e das 

operações, planificar o ensino numa perspetiva do seu desenvolvimento exige, ainda, 

pensar nas ógrandes ideiasô associadas a um determinado t·pico (Clements & Sarama, 

2009; Sood & Jitendra, 2007). Trata-se, sobretudo, de identificar conceitos-chave e 

pensar no modo como eles se relacionam, por forma a maximizar a aprendizagem dos 

alunos (Sood & Jitendra, 2007). É também fundamental que o professor identifique as 

estratégias que uma determinada tarefa suscita e que atenda aos aspetos que contribuem 

para a progressão das estratégias a que os alunos já recorrem (Fosnot & Dolk, 2001).  

Integrar as tarefas em trajetórias de aprendizagem. Vários autores sugerem que a 

conceção das tarefas deve ser integrada na construção de trajetórias hipotéticas de 

aprendizagem (Clements & Sarama, 2004; Cobb, Stephan, McClain & Gravemeijer, 

2001; Simon, 1995). Para Simon (1995), este processo obriga a que elas sejam pensadas 

de modo sequencial, permitindo a progressão da aprendizagem dos alunos e partindo das 

hipóteses que o professor coloca sobre essa progressão. Esta trajetória representa um 

caminho plausível, que pode não corresponder ao caminho real de aprendizagem, sendo 

por isso uma trajetória hipotética.  

De acordo com o ciclo de ensino da Matemática de Simon (1995), representado na Figura 

1, uma trajetória hipotética de aprendizagem é constituída por três componentes: (i) os 

objetivos de aprendizagem, que orientam o caminho, (ii) as atividades de aprendizagem, 

que são pensadas tendo em conta os objetivos definidos e (iii) o processo hipotético de 

aprendizagem, que corresponde a uma previsão do pensamento e da compreensão dos 

alunos quando resolvem as tarefas. Na sala de aula, devido às interações que se 
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estabelecem, professores e alunos fazem parte de uma experiência que, provavelmente, 

será diferente da que foi antecipada. Esta experiência irá influenciar o conhecimento do 

professor que introduzirá alterações na trajetória que foi planeada ou irá influenciar a 

construção de uma nova trajetória hipotética de aprendizagem (Simon, 1995). 

 

Figura 1 - Ciclo (abreviado) de ensino da Matemática (Simon, 1995) 

O modelo de ensino proposto por Simon (1995) apresenta importantes vantagens quer 

para o professor quer para os alunos (Clements & Sarama, 2004; Cobb et al., 2001). Do 

ponto de vista do professor, a construção de trajetórias hipotéticas de aprendizagem leva-

o a fazer conjeturas sobre a aprendizagem da Matemática dos seus alunos e sobre os meios 

a que poderá recorrer para apoiar e organizar essa aprendizagem (Cobb et al., 2001). Ao 

envolver-se neste processo, aumenta o seu conhecimento sobre os alunos e sobre as 

estratégias de ensino (Clements & Sarama, 2004; Cobb et al., 2001). Do ponto de vista 

da aprendizagem dos alunos, Clements e Sarama (2004) realçam a importância do recurso 

a sequências de tarefas na construção de conceitos e procedimentos matemáticos de uma 

forma progressiva.  

Alguns estudos que têm recorrido à construção de trajetórias hipotéticas de aprendizagem 

para planificar o ensino dos números e das operações orientado para o desenvolvimento 

do sentido de número (Mendes, 2012; Whitacre & Nickerson, 2006; Sood & Jitendra, 

2007), revelam que esta opção permite potenciar alguns aspetos importantes relacionados 

com as tarefas, salientando, sobretudo, a importância da construção de sequências de 

tarefas de forma articulada. Mas, quando se trata de pensar numa sequência de tarefas 

ócoerentemente articuladasô orientadas para o uso e desenvolvimento do sentido de 

número, há aspetos particulares a ter em conta. Trata-se, sobretudo, de atender ao modo 

como os contextos das tarefas (modelos, situações associadas e números) se articulam 

entre si (Mendes, 2012; Sood & Jitendra, 2007). Do ponto de vista do trabalho dos alunos 

esta articulação permite-lhes estabelecer relações entre as situações associadas aos 
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contextos, os modelos subjacentes e os números, influenciando os procedimentos que 

utilizam (Mendes, 2012). 

Às vantagens de perspetivar o ensino com base na construção de trajetórias hipotéticas de 

aprendizagem estão também associados desafios que se colocam ao professor. Ao 

implicar que, à partida, este defina os objetivos de ensino e pense numa sequência de 

tarefas que os permita atingir, este processo exige um conhecimento sobre as ógrandesô 

ideias matemáticas associadas à aprendizagem dos tópicos que pretende trabalhar com os 

alunos (Clements & Sarama, 2009). Para além disso, constitui um processo que implica 

uma relação constante entre a atividade e os seus efeitos (Simon & Tzur, 2004), obrigando 

o professor a refletir sobre as atividades desenvolvidas na sala de aula e nos seus efeitos 

na aprendizagem dos alunos. Exige, também, um forte conhecimento acerca dos seus 

alunos, no sentido em que, neste processo, o professor terá de prever o tipo de atividade 

mental que podem desenvolver e que permita a construção dos conceitos e a sua 

progressão (Clements & Sarama, 2009; Simon & Tzur, 2004).  

Antecipar as estratégias que os alunos poderão usar na resolução das tarefas, constitui 

uma atividade fundamental a realizar pelo professor durante a sua preparação (Stein, 

Engle, Smith & Hughes, 2008). Esta atividade passa por inventariar as resoluções corretas 

e incorretas dos alunos e pensar antecipadamente em estratégias que traduzem diferentes 

níveis de desenvolvimento da aprendizagem (Stein, et al., 2008). Para além de permitir 

ao professor desenvolver a compreensão sobre como pensam os alunos, permite-lhe 

organizar e orientar as discussões na sala de aula sobre as suas resoluções e oferece-lhe a 

possibilidade de, ele próprio, apresentar estratégias mais eficazes, quando estas não são 

sugeridas pelos alunos (Markovits & Sowder, 1994). Em tarefas orientadas para o 

desenvolvimento do sentido de número, Yang e Hsu (2009) sugerem que a ordem de 

apresentação e discussão das estratégias seja realizada da de nível menos elevado de 

raciocínio para a de nível mais elevado.  

Metodologia 

O desenvolvimento do estudo foi apoiado por uma metodologia que segue uma 

abordagem interpretativa, de tipo qualitativo, na qual se valoriza a observação das ações 

dos professores e a compreensão do modo como eles próprios interpretam essas ações 

(Cohen, Manion & Morrison, 2007; Erickson,1986). Cada um dos professores constituiu 

um caso instrumental (Stake, 2007), construído e estruturado a partir das questões do 

estudo, da análise dos dados e da revisão da literatura focada nas práticas de 

desenvolvimento curricular dos professores. 

Os dados da investigação resultaram de entrevistas, da recolha documental3 e da 

observação participante que correspondem a três tipos de métodos de recolha 

frequentemente usados na investigação qualitativa (Patton, 2002). Foram realizadas duas 

entrevistas semiestruturadas a cada um dos professores que participaram no estudo, com 

                                                 
3 Neste artigo os dados recolhidos respeitantes às entrevistas e às sessões de trabalho conjunto são 

identificados por E e S, respetivamente, seguidos de um número que corresponde à ordem temporal em que 

ocorreram. 
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registo áudio. Para as realizar foram elaborados guiões únicos para os dois professores, 

garantindo o questionamento aos dois professores acerca de aspetos que se mostram 

basilares neste estudo. Os documentos recolhidos e analisados nesta investigação 

incluíram: as produções dos alunos na resolução das tarefas, os materiais utilizados pelos 

professores nas aulas, as suas planificações da área da Matemática, as fichas de avaliação, 

fichas com indicações para o professor correspondentes às primeiras tarefas concebidas 

no âmbito do projeto e tarefas que os professores levaram para as sessões de trabalho. 

Recorri, ainda, à observação participante nos contextos em que as práticas de 

seleção/construção e exploração de tarefas ocorreram ï nas sessões de trabalho da equipa 

e na sala de aula de cada um dos professores. As sessões de trabalho da equipa foram 

áudio gravadas e para cada uma delas foi construído, posteriormente, um relatório que 

teve como principal objetivo descrever o que lá se passou e assinalar eventuais aspetos 

que, de algum modo, poderiam ser importantes para serem abordados em sessões 

seguintes ou na última entrevista. Cada uma das aulas observadas foi videogravada, tendo 

recorrido também a notas de campo. 

A análise dos dados foi realizada em duas fases que, embora interligadas, correspondem 

a momentos diferentes do seu desenvolvimento. A primeira ocorreu durante a recolha dos 

dados, acompanhando o desenvolvimento do projeto colaborativo. Nesta fase, tal como 

afirma Patton (2002), fui construindo ideias acerca dos dados à medida que os ia 

recolhendo. A segunda, que se realizou após a conclusão do projeto, corresponde à escrita 

dos casos e ao que este trabalho implica ï o órefinamentoô das categorias de an§lise e a 

definição e redefinição da estrutura dos mesmos. 

O contexto do estudo: um projeto colaborativo de desenvolvimento curricular 

O estudo realizou-se no contexto de um projeto colaborativo de desenvolvimento 

curricular que realizei com dois professores do 1.º ciclo, Manuel e Maria José. No ano 

letivo em que se inicia este projeto, ambos são professores na mesma escola há seis anos, 

lecionam o 3.º ano de escolaridade e encontram-se, pela primeira vez, a trabalhar com um 

novo Programa de Matemática do Ensino Básico (PMEB) (ME, 2007). Têm, contudo, 

experiências profissionais muito distintas. Manuel tem 35 anos de idade e 12 anos de 

serviço e Maria José tem 55 anos de idade e 30 anos de serviço.  

O Programa (ME, 2007), tal como o anterior Programa do Ensino Básico (ME-DGEBS, 

1990), continua a atribuir um papel de destaque aos números e operações, mas apresenta 

mudanças de perspetiva sobre a sua abordagem, associada ao desenvolvimento do sentido 

de número (Ponte, 2008). Assim, este projeto surge num momento de mudança curricular 

que exige da parte dos professores o uso de metodologias e abordagens diferentes das 

que, até então, têm utilizado na abordagem deste tema. 

O projeto. O projeto colaborativo teve como objetivo aprofundar modos de promover o 

desenvolvimento do sentido de número dos alunos através: (i) da seleção/construção de 

tarefas que tenham por base esse propósito e (ii) da reflexão sobre a sua exploração na 

sala de aula. A sua conceção inspira-se no ciclo de ensino de Simon (1995) e inclui, 

também, uma vertente de conceção de materiais de divulgação, relacionados com o 
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desenvolvimento do sentido de número dos alunos, nomeadamente: sequências de tarefas 

(com indicações para o professor), episódios de sala de aula e outros materiais. 

Apresenta-se na Figura 2 um esquema que pretende resumir o trabalho perspetivado para 

este projeto, tendo em conta os dois contextos principais em que ele se desenvolveu ï as 

sessões de trabalho da equipa do projeto e a sala de aula.  

Nas sessões de trabalho da equipa perspetivou-se a seleção/construção de tarefas 

(assinalada por (a)), tendo por base a construção de trajetórias de aprendizagem, tal como 

é esquematizada por Simon (1995). A antecipação sobre o modo como os alunos iriam 

resolver as tarefas constitui um elemento importante para orientar a seleção/construção 

das tarefas e preparar a sua exploração na sala de aula. Depois de cada um dos professores 

explorar uma tarefa na sala de aula (assinalado por (b)), na sessão de trabalho seguinte, a 

equipa avalia a aprendizagem dos alunos e reflete sobre o modo como a tarefa foi 

explorada na sala de aula (assinalado por (c)), apoiando-se, essencialmente, nas 

produções dos alunos e em episódios da aula previamente selecionados pela investigadora 

e/ou pelos professores. Destas discussões resultam decisões a tomar relativamente à tarefa 

a propor a seguir e, eventualmente, uma reformulação da tarefa que foi explorada na sala 

de aula (indicado em (d)). A equipa pode recorrer a uma tarefa que faz parte da sequência 

de tarefas inicialmente prevista, sentir a necessidade de alterar a tarefa que previra ser 

explorada, ou, selecionar/construir uma nova tarefa. Estas duas últimas situações 

correspondem a uma reformulação da sequência de tarefas inicialmente prevista (indicado 

em (e)).  

 

Figura 2 - Esquema que sintetiza o trabalho perspetivado para o projeto 

Uma grande parte do trabalho planeado para este projeto centra-se, assim, na construção 

de sequências de tarefas e na sua reformulação, que resulta da reflexão que a equipa 

realiza acerca da exploração das tarefas na sala de aula e da análise do modo como os 
























































































































































































































































































































































































































































































































































































































































































































